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Abstract 

> 

On . 

^r*j . The measurements of reactions tt p —> n ir + n and ir + n — ► 7r + 7r p on po- 

rn _ 

larized targets at CERN found a strong dependence of pion production am- 
. plitudes on nucleon spin. Analyses of recent measurements of ir~p — > ir°ir°n 



reaction on unpolarized targets by GAMS Collaboration at 38 GeV/c and 



BNL E852 Collaboration at 18 GeV/c use the assumption that pion produc- 
tion amplitudes do not depend on nucleon spin, in conflict with the CERN 
results on polarized targets. We show that measurements of Ti~p — ► 7r°7r°n 
and ir~p — > 777771 on unpolarized targets can be analysed in a model inde- 
pendent way in terms of 4 partial-wave intensities and 3 independent in- 
terference phases in the mass region where S- and D-wave dominate. We 
also describe model-independent amplitude analysis of ir~p — > 7r°7r°n reac- 
tion measured on polarized target, both in the absence and in the presence 
of G-wave amplitudes. We suggest that high statistics measurements of reac- 
tions ir~p — ► 7r 7r°n and n~p — > 7777/1 be made on polarized targets at Protvino 
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IHEP and at BNL, and that model- independent amplitude analyses of this 
polarized data be performed to advance hadron spectroscopy on the level of 
spin dependent production amplitudes. 
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I. INTRODUCTION 



The dependence of hadronic reactions on nucleon spin was discovered by Owen Chamber- 
lain and his group at Berkeley in 1957 in measurements of polarization in pp and np elastic 
scattering at 320 MeV M. The prevalent belief in 1950's and 1960's was that in hadronic 
reactions spin is irrelevant and the spin effects observed by Chamberlain were expected to 
vanish at very high energies, such as 6 GeV/c. Instead, measurements of polarization in 
two body reactions found significant dependence on spin up to 300 GeV/c at CERN |2| 
and Fermilab [EJ. Measurements at BNL found large spin effects at very large momentum 
transfers J4|||. Inclusively produced hyperons show large polarizations up to the equivalent 
of 2000 GeV/c ||. Large spin effects in inclusive reactions were observed at Fermilab Spin 
Facility with polarized proton and antiproton beams at 200 GeV/c Today, work is in 

progress to study dependence of hadronic reactions on spin and nucleon spin structure with 
polarized colliding proton beams at RHIC collider at BNL ||. 

The most remarkable feature of hadronic reactions is the conversion of kinetic energy 
of colliding hadrons into the matter of produced particles. This conversion process is char- 
acterized by conservation of total four momentum and quantum numbers such as electric 
charge, baryon number and strangeness. The conversion process depends also on the flavour 
content and spin of colliding hadrons. 

The simplest production processes are single-pion production reactions such as ttN — > 
7t + tt~N and KN — > KttN. In 1978, Lutz and Rybicki showed |10[ that measurements 
of these reactions on polarized target yield enough observables that model independent 
amplitude analysis is possible determining the spin dependent production amplitudes. The 
measurements of these reactions on polarized targets are thus of special interest because 
they permit to study the spin dependence of pion creation directly on the level of production 
amplitudes. Several such measurements were actually done at CERN-PS. 

The high statistics measurement of 7i~p — > 7r~7r + n at 17.2 GeV/c on unpolarized target 
1T| was later repeated with a transversely polarized proton target at the same energy fT2}-|T7|. 
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Model independent amplitude analyses were performed for various intervals of dimeson mass 
at small momentum transfers —t = 0.005 — 0.2 (GeV/c) 2 P2-I^[], and over a large interval 
of momentum transfer -t = 0.2 - 1.0 (GeV/c) 2 |R||r7|. 

Additional information was provided by the first measurement of ir + n — > 7r + 7r~p and 
K + n — > K + n~p reactions on polarized deuteron target at 5.98 and 11.85 GeV/c [TE| , |T9"|] . 
The data allowed to study the i-evolution of mass dependence of moduli of amplitudes []20 



Detailed amplitude analyses [^Ij^2l determined the mass dependence of amplitudes at larger 
momentum transfers —t = 0.2 — 0.4 (GeV/c) 2 . 

The crucial finding of all these measurements was the strong dependence of production 
amplitudes on nucleon spin. The process of pion production is very closely related to nucleon 
transversity, or nucleon spin component in direction perpendicular to the production plane. 
For instance, in 7i~p — > 7r~7r + n at small t and dipion masses below 1000 MeV, all amplitudes 
with recoil nucleon transversity down are smaller than the transversity up amplitudes, irre- 
spective of dimeson spin and helicity. All recoil nucleon transversity down amplitudes also 
show suppression of resonance production in the p meson region. 

The measurements of ttN — > tt + tt~N reactions on polarized target also enabled a model- 
independent separation of S- and P-wave amplitudes. The S"-wave amplitude with recoil 
nucleon transversity up is found to resonate at 750 MeV in both solutions [p3H 2~Bl irrespective 
of the method of amplitude analysis fl2"5 |. The resonance is narrow and the most recent fits 



2jj determined its width to be 108 ± 53 MeV. 

Recently high statistics measurements of ir~p — > TT°n°n reaction were made at 38 GeV/c 



by the GAMS Collaboration at IHEP Protvino ||-|2f and at 18 GeV/c by the E852 Col 



laboration at BNL ||29|| . In principle one expects these experiments to confirm the existence 
of cr(750) state and to search for new states in higher partial waves. However the situation 
is not so simple. The reason is that both groups analyse their well acquired data using a 
strong simplifying assumption that the production amplitudes are independent of nucleon 
spin pp|-p^] . The purpose of this assumption is to reduce the number of unknown amplitudes 
by one half and to enable to proceed with amplitude analysis using such spin independent 



"amplitudes" . 

At this point it is important to realize that one does not really make an assumption that 
production amplitudes are independent on nucleon spin. It is a well-known fact that nucleon 
helicity nonflip and flip amplitudes have entirely different t-dependence due to conservation 
of angular momentum. The helicity flip amplitudes vanish as t — > while helicity nonflip 
amplitudes do not. The model independent amplitude analyses of two-body reactions also 
found that the zero structure of flip and nonflip amplitudes are dramatically different. More- 
over, the pion production at small t proceeds mostly via the pion exchange which contributes 
to helicity flip amplitudes. Thus the assumption that is really being made is that all nonflip 
amplitudes vanish. 

The assumption that production amplitudes in 7i~p — > 7T°7c°n do not depend on nucleon 
spin is in conflict with the general consensus that hadronic reactions depend on nucleon 
spin up to the highest energies, and contradicts all that we have learned from measurements 
of nN — ► 7t~tt + N on polarized targets at CERN. Applied to reactions n~p — > 7r + 7r~72 and 
7T + n — > 7t + tt~p, the assumption has observable consequences that can be tested directly in 
measurements with polarized targets. 

The first consequence is that all polarized moments p^ vanish identically. All experi- 
ments on polarized targets however found large nonzero polarized moments. An example is 
given in Fig. 1 which shows polarized target asymmetry A related to the moment p®. The 
polarized target asymmetry has large nonzero (negative) values in both reactions. Measure- 
ments of K + n — > K + 7c~p show similarly large values of A fl9 |. 



The experiments on polarized targets are best analysed using nucleon transversity ampli- 
tudes rather than nucleon helicity amplitudes. The second consequence of the assumption of 
independence of production amplitudes on nucleon spin is that all transversity amplitudes \A\ 
with recoil nucleon transversity "up" are equal in magnitude to transversity amplitudes \A\ 
with recoil nucleon transversity "down" relative to the scattering plane tt~N — > (7r~7r + )iV. 
In Fig. 2 we show the ratios of transversity amplitudes for S-, P-, D- and F-waves for 
dimeson helicity A = 0. The ratios are far from unity, indicating that production amplitudes 



depend strongly on nucleon spin. 

If the assumption that the production amplitudes are independent of nucleon spin does 
not work in reactions rr~p — > 7i^n + n, n + n — > n+Ti'p and K + n — > K + n~p then there is no 
reason to assume that it will work in n~p — > 7r°7r°n reaction. We must conclude that some 
of the results of the analyses of n~p — > 7r°7r°n by GAMS and E852 collaborations are not 
reliable. 

The question of reliability of amplitude analyses based on assumption of independence of 
production amplitudes on nucleon spin is of special importance to confirmation and further 
study of the narrow o"(750) state in n~p — > 7r°7r°n reaction. The evidence for narrow <r(750) 
is closely connected to the spin dependence of production amplitudes. In Fig. 3 we show the 
two S-wave production amplitudes for n~p — > n^n+n. We see that while the transversity 
up amplitude \S\ 2 H resonates in both solutions around 750 MeV the transversity down 
amplitude \S\ 2 H is large and non- resonating. This results in a partial wave intensity Is = 
(|5'| 2 + |5'] 2 )E that does not necessarily show a narrow resonant behaviour. As seen in Fig. 4, 
such is the case of solution is (2, 2). 

It is therefore necessary to establish what quantities can be determined from the mea- 
surements of n~p — > 7r°7r°n on unpolarized targets without the assumption of independence 
of production amplitudes on nucleon spin. Furthermore, it is necessary to find out if a model 
independent amplitude analysis of ir~p — > n 7i°n in measurements on polarized targets is 
possible. The purpose of this work is to provide answers to these questions. We shall show 
that in measurements of n~p — > 7r°7r°n on unpolarized targets in the region where S- and 
D-wave dominate, one can measure four spin-averaged partial wave intensities and three 
unrelated phases connected with the spin-averaged interference terms. We will also show 
that model independent amplitude analysis is possible when measurements of n~p — > 7r°7r° 
are made on polarized target, both in the region where S- and D-wave dominate as well 
as in the region where G-wave also contributes. We shall propose that such measurements 
are a natural extension of measurements on unpolarized targets and should be performed at 
both IHEP in Protvino and at BNL using Brookhaven Multi Particle Spectrometer. 
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The paper is organized in seven sections. The kinematics, observables and pion pro- 
duction amplitude are introduced in Section II. The method of model independent analysis 
of data on unpolarized target is described in Section III. In Section IV we compare this 
method with model dependent analyses of GAMS and E852 Collaborations. In Section V 
we describe a model-independent amplitude analysis of 7r~p — > 7r°7r°n on polarized target in 
the absence of G-wave. In Section VI we extend the mo del- independent amplitude analysis 
to include the G-wave amplitudes. The paper closes with a summary and proposals for 
measurements of ir~p — > 7T°n°n and 7r~p — > rjrjn on polarized targets in Section VII. 



II. KINEMATICS, OBSERVABLES, AND AMPLITUDES 

A. Kinematics 

Various aspects of phase space, kinematics and amplitudes in pion production in ttN — ► 
ttttN reactions are described in several books [j35H37|. The kinematical variables used to 



describe the dimeson production on a polarized target at rest are (s, t, m, 9, <fi, ip, S) where s 
is the c.m.s. energy squared, t is the four-momentum transfer to the nucleon squared, and m 
is the dimeson invariant mass. The angles (8, 0) describe the direction of ir° in the 7r°7r° rest 
frame. The angle ip is the angle between the direction of target transverse polarization and 
the normal to the scattering plane (Fig. 5). The angle 5 is the angle between the direction 
of target polarization vector and its transverse component (projection of polarization vector 
into the x, y plane). The analysis is usually carried out in the t-channel helicity frame for 
the 7r°7r° dimeson system. The helicities of the initial and final nucleons are always defined 
in the s-channel helicity frame. 



B. Observables 

In our discussion of observables measured in 7t~p — > 7r°7r°n with polarized targets we 
follow the notation of Lutz and Rybicki [|HJ. When the polarization of the recoil nucleon is 
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not measured, the unnormalized angular distribution 1(8, <p, ip, 5) of 7r°7r° (or 7777) production 
on polarized nucleons at rest of fixed s, m and t can be written as 

I(Q,ip,5) = lu(0) + P T cos ipl c {ty + P T sin if>I s (Q) + P L h^l) (2.1) 

where P? = P cos S and Pi = P sin 5 are the transverse and longitudinal components of 
target polarization P with respect to the incident momentum (Fig. 5). The simple cos^ 
and siiaip dependence is due to spin | of the target nucleon |10|J38[| . Parity conservation 
requires Ijj and Ic to be symmetric, and Is and II to be antisymmetric in 0. In the data 
analysis of angular distribution of the dimeson system, it is convenient to use expansions of 
the angular distributions into spherical harmonics. In the notation of Lutz and Rybicki we 
have 

Iu(P) = £ &Rey£(n) (2.2) 

L,M 



Ic(tt) = Y.V L M KeYk(Sl) 

L,M 



L.M 



/i(n) = 1)^(0)] 



.1 

L,M 



The expansion coefficients t, p, r, g are called multipole moments. The moments tjfa are 
unpolarized. The moments pjtf, r\ { and gf f are polarized moments. Experiments with 
transversely polarized targets measure only transverse moments and rj^ but not the 
longitudinal moments qj^. 

The multipole moments are obtained from the experimentally observed distributions in 
each (m, t) bin by means of optimization of maximum likelihood function which takes into 
account the acceptance of the apparatus [fll]j39|1 . In these fits it is usually assumed that 



moments with M > 2 vanish. However, it was pointed out by Sakrejda (T^j that moments 



S 



up to M = 4 may have to be taken into account at larger momentum transfers extending to 
1.0 (GeV/c) 2 . 

The expansion coefficients t, p, r, q are simply connected to moments of angular distribu- 



tions pfl: 



4 = e M < Re L M >= J 1(0, 0, 5)ReY^(Q)dQ' (2.3) 
p L M = 2e M < cos^Re^ >= ^ / 1(0, -0, <T)ReY^(0) cos V cosfcffi' 

Z7T J 

rj^ = 4 < sin^ImY^ >= — / J(Q, -0, ^Im^sin^cosfWO' 

?m = 4 < ImY"^ >= ^ f I (to, ip, S)lmY^ sin <WO' 

where <iO' = dtodipd(— sin 5). In (2.3), e^/ = 1 for M = and £m = 2 for M 7^ 0. Integrated 
over the solid angles (9,</>), the distribution (2.1) becomes 

I{M = {l + AP TCasi .)^ t (2.4) 



where A = A(s, t, m) = V47rpo ^ s the polarized target asymmetry analogous to the polariza- 
tion parameter measured in two-body reactions. In (2.4) d 2 a jdmdt is the integrated reaction 
cross-section 

d 2 a(s, t, m) 



dmdt 



J I(to,i[),5)dto' (2.5) 



Finally we note the relation of moments tjfa to moments H(LM) introduced by Chung 
ill32l: 



t L M = e M < ReY^ >= e M W^±I#(LM) (2.6) 
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C. Amplitudes 



The reaction n~p — > 7r°7r°n is described by production amplitudes H Xn0Xp (s,t,m,9,(f)) 
where \ p and A n are the helicities of the proton and neutron, respectively. The production 
amplitudes can be expressed in terms of production amplitudes corresponding to definite 
dimeson spin J using an angular expansion 

oo +J 

Hx n ,ox P = E E (2J + l) 1/2 H J XXnfiXp (s,t,m)d{ (6)e^ (2.7) 

J=0\=-J 

where J is the spin and A the helicity of the (ir ir ) dimeson system. Because of the identity of 
the two final-state mesons, the "partial waves" with odd J are absent so that J = 0, 2, 4, . . . 

In the following we will consider only S-wave (J = 0), D-wave (J = 2) and G-wave 
(J = 4) amplitudes. Furthermore, we will restrict the dimeson helicity A to values A = 
or ±1 only in accordance with the assumption that moments with M > 2 vanish. This 
assumption is supported by experiments. 

The "partial wave" amplitudes H XXnfiXp can be expressed in terms of nucleon helicity 
amplitudes with definite t-channel exchange naturality. The nucleon s-channel helicity am- 
plitudes describing the production of (n ri ) (or (r)T))) system in the S-, D- and G-wave 
states are: 

- + \ + ■■ #o° + ,o + = So, #o° + ,o- = (2.8) 

_1+ i + 

2 2+ 2 : H °+>°+ = D 0' H o+fi- = D i 



DJ±D u2 Dt±Di 



TT2 — U U TT 



V2 ' ±1+ '°- V2 



1 1 4 4 



'±i-.o- - ^ ' ±1+ '°- ' 
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At large s, the amplitudes S n , D~, G°, G~, n = 0, 1 are dominated by unnatural 
exchanges while the amplitudes and G+, n = 0, 1 are dominated by natural exchanges. 
The index n = \X P — X n \ is nucleon helicity flip. 

The observables obtained in experiments on transversely polarized targets in which re- 
coil nucleon polarization is not observed are most simply related to nucleon transversity 
amplitudes of definite naturality |10, |19 , |40| . For S-, D- and G- waves they are defined as 



follows: 

S = k(S Q + iSi) , S = k(S - iSx) (2.9) 
D° = k(D° + iDl) , D° = k(D° - iDl) 



D~ = k(Dv + «Df ) , D~ = k(DQ - iD^) 
D + = k(D+ - iD+) , D + = k(D+ + zD+) 

G° = k{G° + iGl) , G° = k{G° - iG\) 
G~ = k(G + iGl) , G~ = k{G - iGl) 

G + = k(G+ - iGt) , G + = k(G+ + %G+) 

where k — 1/ y/2. The formal proof that the amplitudes defined in (2.9) are actually transver- 
sity amplitudes is given from definition in the Appendix in Ref. 19. 

The nucleon helicity and nucleon transversity amplitudes differ in the quantization 
axis for the nucleon spin. The transversity amplitudes S, D°, D~, D + , G°, G~ , G + 
(S,^,D ,D + ,G°,G ,G + ) describe the production of the dimeson state with the recoil 
nucleon spin antiparallel or "down" (parallel or "up") relative to the normal n to the pro- 
duction plane. The direction of normal n is defined according to Basel convention by p n xp^ 
where p n and p n7T are the incident pion and dimeson momenta in the target proton rest frame. 
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Using the symbols j and | for the nucleon transversities up and down, respectively, the 

following table shows the spin states of target protons and recoil neutrons and the dimeson 
helicities corresponding to the transversity amplitudes (2.9): 

p n (7r°7r°) 

S,D°,G° T I 

S,D°,G° i T 

D-,G~ T I +lor-l 

D~,G~ I T +lor-l 

D + ,G + i | +lor-l 

G + ,G + T T +lor-l 

Parity conservation requires that in the transversity frame the dimeson production with 
helicities ±1 depends only on the transversities of the initial and final nucleons. The ampli- 
tudes D~, D , . . ., G + ', G + do not distinguish between dimeson helicity states with A = +1 
or —1. Also, the dimeson production with helicity A = is forbidden by parity conservation 
when the initial and final nucleons have the same transversities. 



D. Observables in terms of amplitudes 

It is possible to express the moments tjfa and p 1 ^ in terms of quantities that do not depend 
explicitly on whether we use nucleon helicity or nucleon transversity amplitudes. However, 
eventually we are going to work with transversity amplitudes. The quantities we shall need 
are spin-averaged partial wave intensity 

I A = \A\ 2 + \A\ 2 = |A)| 2 + |^i| 2 (2.10) 

and partial wave polarization 

P A = \A\ 2 - \A\ 2 = 2e A lm(A Al) (2.11) 

where e A = +1 for A — S, D°, D~, G°, G~ and e A = -1 for A = D + , G + . We also introduce 
spin-averaged interference terms 
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R{AB) = Re(AB* + A B*) = Re(A B Q + e A e B A x B\) (2.12) 

Q(AB) = Re(AB* -AB*) = Re(e B A -B* - e A A x Bl) (2.13) 

Then moments tj^ can be expressed in terms of spin-averaged intensities I a and spin- 
averaged interference terms R(AB). The moments are then expressed in terms of 
polarizations P A and interference terms Q(AB). The formulas for p\j are obtained from 
those for using a replacement I a — > £aPa and R(AB) — > Q(AB) for €a = £b = 1 
and R(AB) — > — Q(AB) for €a = £b — — 1- There is no mixing of natural and unnatural 
exchange amplitudes in the moments tjfa and pjfa. 

Using the results of Lutz and Rybicki |L0] and of Chung |52| , we obtain the following 



expressions for moments in terms quantities (2.10)-(2.13) and a constant c = v47r: 
Unpolarized moments (2-14) 

ct° = I s + /do + Id- + Id+ + Ig° + Ig- + Ig+ 
ctl = V5{^=R(SD°) + ~I D o + ~{I D - + I D+ ) 

+ ^L R ( D *G*) + ^ft[ R ( D - G -) + R(D+G+)] 
7y5 7 

20 r 17 /r r NT 

+ ^/ G o + — (I G .+I G+ )} 

ct\ = 2V5{^=R(SD-) + y^R(D°D-) + ^j^-R(D°G~) 



-lf-R(D-G°) + 2 -^R(G°G-)} 



ctl = 2V5{ 1 -J^(I D - - I D+ ) - \[R{D-G-) - R{D + G + )] 
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<4 = yfiipD* - ^{Id- + Id*) + j^(SG )+ 



+ ^m R{D G } + TooT /go+ 



+fJ\[R{D-G-) + + JL(/ G _ + J G +)} 



ct* = 2V9{^(I D - - I D+ ) + ^[R(D-G-) - R(D+G+)] 



27V10 /r _ N1 



<*§ = v^3{^i?(^°G°) - ^[i2(iTG-) + i2p + G + )] 



20 1 



ci« = 2 yi3{i^[fl(B-G-) - fl(B+C+)] + ^f(/ G - - / G +)} 
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< = 2v^7{^«(G»G-)} 



^=2V17{^(/ G --/ G+ )} 
Polarized moments p 1 ^ (2-15) 

C P ° = P S + P D o + P D - - P D+ + P G o + P G - - P G+ 



cpl = V5{^=Q(SD°) + lp D0 + ±(P D - - P D+ ) + 



■^Q^g ) + 2 -^[Q(d-g-) - q(d+g+)}+ 



20„ 17 ,„ „ 
+-P G o + -(P G - - P G+ )} 



c Pi = 2v / 5{-^=Q(S/r) + y^Q(D°D-) + ^Q(D G~) 



iJ|g(D-G°) + ^g(G°G-)} 



CP2 



2v / 5{i^|(Pz ? - + Pd + ) - i[Q(I>-G-) + Q(D + & 



cpl = V9{^P D o - i-(P D _ - P D+ ) + jjQ(SG ) 



+ ^Q(^o ) + i62_ PGO+ 
231 VV ; 1001 G 
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cpi = 2V9{^-Q(D°D-) + ^Q(SG-) + ¥^Q(lf>G 



cpi = 2V9{^-(P D - + P D+ ) + ^ [Q(£r(T) + Q(D + G + )} 



CPS = V13{^Q(B»G») - ^IQ(D-G-) - Q(D+C+)] 



20 1 

+ T43 Pg "-I43 (Fg -- Pg+)} 



=P2 = 2V13{^[Q(B-G-) + G(fl + G + )] + ^fW + Pa*)} 



^° X 2431 G 2431 V G G ;/ 



<*? = 2v^{^Q(G°G-)} 



^ = 2v / T7{^(P G -+P G+ )} 
Polarized moments (2-16) 



r? = 2V2Re(5 J D + * - S D + *) + ^R e (P°P+* - D°D + *) 



rl = ^p_ Re{D - D +* _ D-D 
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r 4 = _^Ql ReiD o D+ *_D°D + *) 



r 4 = _!^ Re (zr jD + * -D~D + *) 

We do not include G-wave contributions in the polarized moments rj^. In general, these 
moments are not well determined in measurements on transversely polarized targets and, as 
can be seen in Appendix A, the calculation of relative phases between the natural exchange 
amplitude D + and the unnatural exchange amplitudes S, D°, D~ already involves high degree 
of ambiguity. The inclusion of G waves would make the situation even less tractable. 

III. MODEL INDEPENDENT ANALYSIS OF MEASUREMENTS ON 

UNPOLARIZED TARGETS. 

We will now show that in the mass region where only S- and D-waves dominate, i.e., 
up to about 1500 MeV, it is possible to perform an analysis of measurements of n^p — > 
7r°7r°n and n^p — > rjrjn on unpolarized targets without the simplifying assumption that 
production amplitudes do not depend on nucleon spin. However we will find that data on 
unpolarized targets measure in a model independent way only the partial wave intensities 
and three unrelated interference phases, and not the production amplitudes which remain 
undetermined. 

When only S- and D-wave contribute, the unpolarized moments are (with c = v^47r): 

ct° Q = I s + I D o + I D -+I D+ (3.1) 

ctl = 2R(SD°) + 2 -^I D o + ^(I D - + I D+ ) 



2\/1 

ctl = 2V2R(SD-) + -j-R(D°D-) 



2 V30 /r 

Ct 2 = —j-{I D - - I D+) 
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6 4 
ct 4 = -I D o - -(Id- + I D +) 



c tl = ^ R ( D ° D -) 



4 2 vl0 /r r s 
ct 2 = —j— {Id- ~ Id+) 

There are 6 independent observables to determine 7 unknowns - 4 partial wave intensities 
and 3 spin averaged interference terms. Since there are more unknowns than observables, 
it is necessary to express the maximum likelihood function £ in terms of the partial wave 
intensities and the interference terms and fit £ to observed data to find a solution. 

For this purpose we will now show that the interference terms R(AB) in (3.1) have a 
general form 

R(AB) = \ft A Vl B cos(5 ab ) (3.2) 
^From the definition (2.12) we have 

R(AB) = £ Re(A n B* n ) = £ \A n \\B n \ cos(<^ - 0*) 

n=0 n=0 

We can write 

R(AB) = Vl A Vl B Z AB (3.3) 

With definitions for n = 0,1 

I A I I R I 

C AB r*n -"n AB ±A ±B (o a\ 

Sn = "Tf 7F" > = ~ <?n I 3 - 4 ) 

VIaV 1b 

we have 

^ab = tg* cos ^ + Cf B cos ^ (3.5) 
We now recall a theorem from wave theory |5T] 



Ai sin(u;t + ipi) + A 2 sin(u;i + (p 2 ) = A sin(a;t + <p) (3.6) 



where 



A 2 = A\ + A\ + 2A ± A 2 cos(v? 2 - <Pi) (3.7) 

A 1 sin (f! + A 2 sin ^ 2 
tan</? = — 

A 1 COS (fi + A 2 COS if 2 

For cut = | we get 

Ai cos </?i + A 2 cos (f2 = A cos (p (3.8) 
with A and ip given above. We can apply (3.8) to (3.5) and get 

Zab = £,ab cos 5 AB 

where £ab and Sab are given by (3.7) with the appropriate substitutions from (3.5). After 
some algebra it is possible to show that 

0<£ab< +1 (3.9) 

so that —1 < Zab < +1- Thus we can actually write Zab = cos 5 ab which proves the 
statement (3.2). The phase 5ab is not simply related to the two relative phases 0q — 4> B 
and (fii — 0f of the helicity amplitudes A n , B n , n — 0, 1. Moreover, cos^ab is a measurable 
parameter along with the intensities I A and 

We will refer to S S d°, $sd- and 5 D o D - in (3.1) as interference phases. Notice again that 
interference phases are not relative phases between amplitudes and are thus independent. 
Whereas relative phases satisfy for n — 0, 1 

M - <Pn°) + (€' ~ €) + (<Pn° ~ 0n _ ) = (3.10) 

there is no such relation for the interference phases. 

We can use (3.2) to express the maximum likelihood function £ in terms of the 4 in- 
tensities Is, Id , Id- , Id+ and 3 interference phases 5sd°, $sd- and Sjjojj- and fit C to the 
observed angular distributions to find a solution for these quantities in each (m, t) bin. We 
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can conclude that analysis of data on n~p — > 7T ir n unpolarized target is possible without 
the assumption that production amplitudes are independent of nucleon spin. However the 
data on unpolarized target cannot determine the 8 moduli and 6 cosines of dependent relative 
phases of production amplitudes. As we show below, for that determination measurements 
on polarized target are necessary. The measurements on unpolarized target determine only 
4 partial wave intensities and 3 interference phases in a model independent way. 

In a mass region where G- waves contribute, measurements on unpolarized target measure 
12 independent unpolarized moments tj^. There are 7 intensities and 11 spin averaged 
interference terms in (2.14) for a total of 18 unknowns. In this case model independent 
amplitude analysis is not possible. However we shall see below that model independent 
analysis including G-waves is possible for measurements on polarized targets. 

IV. COMPARISON WITH MODEL DEPENDENT ANALYSES OF vr ~p -> 7r vr°n 

ON UNPOLARIZED TARGET. 

Both GAMS Collaboration and BNL E852 Collaboration use the assumption of inde- 



pendence of production amplitudes on nucleon spin ||31| , |32[| but employ different strategies 



in actual fits to the observed angular distributions p3| , p4| . We will confine our discussion to 
the mass region where S- and D-waves dominate. 

The assumption of independence of production amplitudes on nucleon spin means that 
formally there is one S"-wave amplitude S and three D-w&ve amplitudes D°, D~ , D + . The 
amplitudes have no nucleon spin index. However, as we have argued above, these amplitudes 
are essentially the single flip helicity amplitudes (n = 1) while all helicity non-flip amplitudes 
(n = 0) are assumed to vanish. 



In the GAMS approach |33|] the unpolarized moments are then written as (with c = V^r) 



ct° = \S\ 2 + \D°\ 2 + \D-\ 2 + \D + \ 2 (4.1) 



o.i. , , 2v / 5 m oi2 , ^/5/in-|2 i in+|2-N 



ct 2 = 2Re(SD *) + -^H£>T + -^rd^T + \D 
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ct\ = 2y/2Re(SD-*) + ^L^-R e (D° D~*) 



ctj = ^(\D-\ 2 - \D+f) 
c4= 6 -\Dr-^\D-\ 2 + \D+f) 

ct\ = jVTo(\d-\ 2 - p+| 2 ) 

There are 6 independent equations for 7 unknowns - 4 moduli and 3 cosines of relative 
phases. The GAMS Collaboration determines these quantities by expressing the maximum 
likelihood function C in terms of the amplitudes (moduli and cosines) and fitting L to the 



observed angular distribution to find solutions for the moduli and relative phases p7p8| , p3| . 
Formally this approach is equivalent to our approach (described in the previous Section) 
with an additional assumption that the interference phases are not independent but satisfy 
a constraint 

Ssdo + S D - S + S D o D - = (4.2) 

What GAMS Collaboration is actually doing is determining partial wave intensities I a, A = 
Si, D°, D~ , D + and interference phases subject to the constraint (4.2). When the constraint 
(4.2) is removed, their approach becomes fully model independent determination but not of 
amplitudes but of partial wave intensities. 

The BNL E852 employs a different approach [33]. They express the moduli squared 



and interference terms in (4.1) in terms of real and imaginary parts for amplitudes S,D° 
and D~ . Since there is no interference with D + , only \D + \ 2 is retained. Thus there are 7 
unknown quantities. The maximum likelihood function is then expressed in terms of these 
unknown real and imaginary parts of S, D°, D~ and |-D + | 2 and fitted to the observed angular 
distributions to find the solution for the amplitudes |33J . Formally this approach is different 



from our model independent method and relies more explicitly on the assumption that the 
non-flip helicity amplitudes all vanish. 
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V. MODEL-INDEPENDENT AMPLITUDE ANALYSIS OF vr p T vr U 7r°n 
MEASURED ON POLARIZED TARGET WITH G-WAVE ABSENT. 

In the following we will assume that unpolarized and polarized moments tj^ and pj^ (and 
r%f) have been determined using maximum likelihood method in data analysis of measure- 
ments of ir~p — > 7r 7r°n and irp — > Tjrjn on polarized targets in a manner previously used in 
reactions ttN^ — ► Tr^vr+iV 0-[T^|. In this Section we show that analytical solution exists for 
5 and D wave in mass region where these waves dominate. In the next section we extend 
the solution to include the G-wave amplitudes. In both cases we will find it useful to work 
with nucleon transversity amplitudes (2.9). 

In the mass region where S- and .D-waves dominate and the G-wave is absent, there are 
7 unpolarized moments t^j, 7 polarized moments pj^ and 4 polarized moments rj^ measured 
in each (m,t) bin. Looking at equations (2.14) and (2.15), and recalling definitions (2.10)- 
(2.13), we see that it is advantageous to introduce new observables which are the sum and 
the difference of corresponding moments t 1 ^ and pjfa. We thus define (with c = \/4~7r) the 
first set of equations 

a 2 = °-{tl + pi) = 2Re(SD°*) + ^V| 2 + ^(|ZT | 2 + \D+\) 
a 3 = Ut\+p\) = 2y/2Re(SD~*) + ^-Re(D°D-*) 

— ( 

a* = l(tl+pt) = ^(\D-f-\D + f) 
as = fa + pt) = l\Dr-^\D-\ 2 + \D+f) 

a 6 = ^(ti+pi) = jVl5Re(D D-*) 
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a 7 = l(tl+pl) = 2 -VlO(\D-f-\D + f) 

The second set of equations is obtained by denning observables 01,02, . . . ,07 which are the 
difference of corresponding moments. We obtain 

a, = °-{tl -pg) = |5| 2 + |U°| 2 + |ZTf + |D+| 2 (5.2) 
a, = \{tl- P l) = 2Re(STf*) + ^|D°| 2 + ^(|IT| 2 + |/J+| 2 ) 



a 3 = Ut\ - P \) = 2V2Re(S W*) + Re (D°D~ * ) 



a 4 = ^-^) = ^f(|^| 2 -|^ + | 2 ) 
a5 = |(^-^) = ^|^ | 2 -^(|^| 2 + |^ + | 2 ) 
a 6 = ^(tf-rf) = ^Rep ^) 

a 7 =|(^-^) = ^v / T0(|Un 2 -|D + | 2 ) 

The first set of 6 independent equations involves 4 moduli \S\, \D°\, \D~\, \D + \ and 3 
cosines of relative phases cos(7 5D o), cos(75 D -), cos(7 D o D -). The second set of 6 independent 
equations involves the amplitudes of opposite transversity - 4 moduli \S\, \D°\, \D |, \D + \ 
and 3 cosines of their relative phases cos(7 SD o), cos(7 5D -) and cos(7 D o D -). The two sets are 
entirely independent and the relative phase between transversity amplitudes up and down 
is unknown in measurements on transversely polarized targets. 
To proceed with the analytical solution, we first find from (5.1) 

\D°\ 2 = ^ - \Sf) + (5.3) 

3 7 7 

\D~\ 2 = — (oi — \S\ 2 ) a 5 H 1=0,4: 

1 1 10 V 1 1 ; 10 5 2^ 
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COS75D0 = tJtt^-M + ^TfI^I 2 ) ( 5 - 4 ) 



\S\\DX 2^5' 



C0S7 ^- = Md~\ b 



COS7D0D- = m \ D -\ C 



where 



A=i{a 2 -i=a 1 + ^=a 5 } (5.5) 

B = \ { T2 a " ~ 27! a6} 

2 1 4 v / 15 J 

Notice that a 7 is not independent and does not enter in the above equations. Similar 
solutions can be derived from the second set (5.2) for amplitudes of opposite transversity. 
However we need one more equation in each set: one equation for IS*] 2 in the first set and 
another one for IS*) 2 in the second set. 

The additional equations are provided by the relative phases which are not independent: 

1SD0 - 7 SD - + 7z)0 D - = (4> S - <f>D°) - {4>S - <t>D~) + (0D« ~ <t>D~) = (5.6) 
lSD° - lSD- + lD°D- = &S - 0D')) - (05 ~ j>D~) + ~ = 

These conditions lead to nonlinear relations between the cosines: 

cos 2 (7 5Z) o) + cos 2 (7 5D -) + cos 2 (7 D o D -) (5.7) 

-2cos(7 5D o)cos(7 5D -)cos(7 D o D -) = 1 
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cos 2 (7 SD o) + cos 2 (7 5D -) + cos 2 (7 Z) o D -) 



-2cos(7 SDO )cos(7 5D -)cos(7 D o D -) = 1 
Similar relations also hold for the sines. Next we define combinations of observables 

D = ± ai - L ai (5.8) 

so that 

\Dr = D-^\S\ 2 (5.9) 

\D-\ 2 = E--\S\ 2 
ii 10 

Substituting into (5.7) first from (5.4) for the cosines and then from (5.9) for |_D°| 2 and 
|-D~| 2 , we obtain a cubic equation for x = \S\ 2 

ax 3 + bx 2 + cx + d = (5.10) 



where 
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a = — (5.11) 
200 v ; 



11 9 
b= — (—]=A — 3D — -E) 
HTv/5 2 ; 



c = ^(3A 2 + AB 2 - IOC 2 + 2V5BC - 2y/5AE + 10DE) 



d = 2ABC - A 2 E - B 2 D 
Similar cubic equation can be derived for the amplitude 
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Analytical expressions for the 3 roots of the cubic equation (5.10) are given in the Table 
I of Ref. 21. It is seen from the Table that 3 real solutions exist, one of them is negative and 
it is rejected. There are in general two positive solutions for IS*) 2 which lead to two solutions 
in the Set 1. Similarly there are two solutions in the Set 2 of opposite transversity. Since 
the two sets are independent there are 4 solutions for partial wave intensities 

I A (i,j) = \A(i)\ 2 + \A(j)\ 2 ,i,j = 1,2 (5.12) 

The error propagation in the cubic equation and the calculation of errors on the moduli, 
cosines and partial wave intensities as well as the treatment of unphysical complex solutions 
is best handled using the Monte Carlo method described in detail in Ref. 24. 

The determination of relative phases between natural exchange amplitude D + and un- 
natural exchange amplitudes S, D°, D~ is described in the Appendix A. 

VI. MODEL-INDEPENDENT AMPLITUDE ANALYSIS OF 7r~p T -► TrVn 
MEASURED ON POLARIZED TARGET WITH G-WAVE INCLUDED. 

In the mass region where S-, D- and G-wave all contribute (expected above 1500 MeV), 
the measurement of n~p^ — > 7r°7r°n on polarized target will yield 13 unpolarized moments 
tjh, 13 polarized moments p 1 ^ and 8 polarized moments rj^. Central to our discussion are 
again the moments tj^ and pj^ given by eqs. (2.14) and (2.15). Using the definitions (2.10)- 
(2.13) we see again that it is useful to define two new sets of observables, one with the sums 
t L M + p L M and another one with the differences tjy — Pm- With c = \/4~7r we obtain for the 
first set (sums): 

ai = Utl + p°) = \S\ 2 + \D°\ 2 + \D-\ 2 + \D + \ 2 + |G°| 2 + \G-\ 2 + |G + | 2 (6.1) 
a 2 = pl+pl) = V5{^=Re(SD *) + 2 -\D Q \ 2 + i(|D-| 2 + \D + \ 2 ) 

+-^=Re(D°G *) + ^-[Re(D-G~*) + Re(D + G + *)] 
7v 5 7 
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+||GT + ^(|G-| 2 + |G + | 2 )} 



as = ^(tl+ P l) = 2V5{^=Re(SD~*) + ^Re(£>°£r')+ 



5^ 



77 



04 



;(t 2 +^) = 2v / 5{iyf(i^-| 2 -iu + i 2 )- 



-[Re(D-G-) - Re(L> + G + *)] + ^(|<r| 2 - |G + | 2 ) 



a 5 



= \<A +pt) = V9{ 2 -\Dr - ^(\D-f + |D + | 2 ) + 



+ -Re( 1 SG *) + ^-R e (D°G°*)+ 



+ i^_| G °| 2 + —(\G-\ 2 + |G + | 2 )+ 

1001 1 1 iooi vl 11 1 ; 



+^[Re(D-G-*) + Re(D + G + *)]} 



a 6 



°-{t\ +pi) = 2V9{^Re(D°D-) + ^Re(SCr') 



—Re(D°G ■) + -^-=Re(D~G *) + ^^Re{G°G-*)} 



17V10 



231 



10 
77V3 J 



1001 



«r = \<A + A) = 2v / 9{^(|^1 2 - |£ + | 2 ) + 



+ 6 -J^lMD-G-*) - Re(D + G + *) + ^(|G1 2 - |G + | 2 )} 
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as = \{tl + p 6 ) = ^-{30v / 5Re( J D°G *) - 20v / 6[Re(ZTG'-*) + 

+Re(D + G + *)] + 20|G°| 2 - (|G-| 2 + |G + | 2 )} 
a 9 = C -(4+ P t) = 2 -^{l0V21Re(D°G-*) + ^pRe(ZTG *) 

+2v / 105Re(G' G'-*)} 
«io = pt+pt) = ^{4v / 70[Re( J D-G-*) - Re(D + G + *)] 
+v / T05(|G-| 2 - |G + | 2 )} 
an = \{tl +pg) = ^|{490|G°| 2 - 392(|G-| 2 + |G + | 2 )} 

a 12 = C -{t\ +pl) = ^{294v/5Re(G°G-*)} 

aia = = ^{42V35(|G1 2 - |G + | 2 )} 

The second set of observables a^, i = 1, 2, . . . , 13 is formed similarly by the differences t\, { — 
Pm- It has the same form as set 1 but involves the amplitudes of opposite transversity. 
The first set Oj, i — 1, . . . , 13 involves 7 moduli 

151, \D°\, \D~\, \D + \, \G°\, \G~\, \G + \, (6.2) 

10 cosines of relative phases between unnatural amplitudes 

cos(7 SD o), cos(7 5D -), cos(7 5G o), cos(7 5G -) (6.3) 

cos(7 D o D -), cos(7 D o G o), cos(7 D o G -) (6.4) 
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cos(7d-go), cos(7 D - g -), cos(7 G o G -) (6.5) 
and one cosine of relative phase between the two natural amplitudes 

c °s(Td+g+) ( 6 - 6 ) 

The second set = 1, . . . , 13 involves the same amplitudes but of opposite transversity. 
We will now show that the cosines (6.4) and (6.5) can be expressed in terms of cosines (6.3). 
For instance, we can write 

lD°D~ = 0D° - 4>D- = {4>S - <f>D~) - (0S - 0D°) = lSD~ ~ lSD° (6.7) 

Hence 

cos7 D o D - = cos 7sd° cos7 SD - + sin7 SD o sin7 5D - 
Since the signs of the sines sin ^sd° an d sin7 SD - are not known, we write 

sin7 SD o = e SD o\ sin7 5D o| , sin7 5D - = e SD -\sm>y SD -\ (6.8) 

Then 

cos 7d«d- = cos 7 SD o cos ^ S d- + e D o D - \J {1 - cos 2 7 5D o ) ( 1 - cos 2 7 SD - ) (6.9) 

where e^D- — ±1 is the sign ambiguity. The remaining cosines in (6.4) and (6.5) can be 
written in the form similar to (6.9) with their own sign ambiguities. The sign ambiguities of 
all cosines (6.4) and (6.5) can be written in terms of sign ambiguities e 5£) o, e 5£) -, e 5G o, e S c- 
corresponding to the sines sin 7^0, sin •ysD-, sin7s G o, sin 75c-. We can write 

€DOD- = CSDOtSD- (6.10) 

e D o G o = e SD oe S G° 

£d°G~ — £SD°tSG- 
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£D-G° — £SD-tSG° 



(6.11) 



e D-G e SD-tSG- 

£G°G- = CSG°CSG- 

First we notice that reversal of all signs e S D°, e SD-, £sg°, an d €sg- yields the same sign 
ambiguities (6.10) and (6.11). Next we notice that the sign ambiguities (6.11) of cosines 
(6.5) are uniquely determined by the sign ambiguities (6.10) for cosines (6.4). Only sign 
ambiguities (6.10) are independent and there is 8 sign combinations (6.10). The following 
table lists all 8 allowed sets of sign ambiguities of cosines (6.4) and (6.4). 



1 2 3 4 5 5 7 8 

e D o D - + - + + -- + - 

6 D oqo + + — + — + — — 

e D o G - + + + - + - 

e D - G o + - + + + 

eo-G- + - + - + - + 

e G o G - + + -- -- + + 



Using expressions like (6.9) for cosines (6.4) and (6.5), we have 12 unknowns in each 
nonlinear set of 13 equations a,^i = 1,2, ...,13 with one choice of sign ambiguities for 
cosines (6.4) and (6.5) from the above Table. The nonlinear set can be solved numerically or 
by x 2 method. In each (m, t) bin we thus have 8 solutions for moduli (6.2) and cosines (6.3)- 
(6.5), and 8 solutions for amplitudes of opposite transversity from the set Oj, i — 1, 2, . . . , 13. 
Since each solution is uniquely labeled by the choice of sign ambiguities, there is no problem 
linking solutions in neighbouring (m, t) bins. 

Since the 8 solutions from the first set a i: i = 1,2, . . . , 13 are independent from the 8 
solutions from the second set = 1,2,..., 13, there will be 64-fold ambiguity in the 
partial wave intensities. For A = S, D°, D~, D + , G°, G~, G + we can write 
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I A (i,j) = \A(t)\ 2 + \A(j)\ 2 , 2, j = 1, 2, . . . , 8 (6.12) 

We now will discuss constraints on the moments that should be taken into account at 
the time of fitting maximum likelihood function £ to the observed angular distribution in 
the process of constrained optimization. 

The observables a, and 5j, i = 1, 2, . . . , 13 are not all linearly independent. In fact one 



finds two relations [32 



8^04- 4^07 + -^=a 10 -^y^a 13 = (6.13) 



r~. rr- 91 119 3 

8V14a 4 - 4V42a 7 + 77=^10 - — y p^i3 = 

By adding and subtracting the last two equations we get the same relationship for corre- 
sponding moments tj^ and pj^: 

8Vutl - 4V42^ + ^=4 - ^^tl = (6.14) 

8VU P 1 - 4V42^ + - ^{^Pl = 

Additional constraints can be obtained by solving for |G~| 2 + |G + | 2 from an and substituting 
into ai. Proceeding in the same way also for \G | 2 + |G + | 2 from a u and substituting into 
ai, we get 

2431 _ 2431 

a\ H ;=aii > , a\ H ;=an > (6.15) 

392^17 392^ V ; 

By adding the two inequalities we get 

n 2431 „ 

t° + 7=tg>0 6.16 

392^ 



The constraints (6.13) and (6.14), or (6.15) and (6.16), are self-consistency constraints which 
follow from the assumption that only S-, D- and G-waves contribute. These constraints 
should be imposed on the maximum likelihood function during the fit to the observed angular 



distribution. We then deal with constrained optimization [4"2|-|4"4]|. A program MINOS 5.0 
has been developed at Stanford University for constrained optimization with equalities and 
inequalities constraints [45[ . 
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VII. SUMMARY. 



The dependence of hadronic reactions on nucleon spin is now a well-established experi- 
mental fact. The measurements of reactions n~p — > 7r~7r + n and n + n — > n + 7i^p on polarized 
targets at CERN found a strong dependence of pion production amplitudes on nucleon spin. 
The assumption thtat pion production amplitudes are independent of nucleon spin is in 
direct conflict with these experimental findings. The analyses of n~p — > 7r°7r°n data based 
on this assumption thus are not sufficient and may not be fully reliable. 

We have shown in Section III that unpolarized data provide model independent infor- 
mation only on the spin averaged partial wave intensities and cosines of three interfer- 
ence phases. To obtain information about the production amplitudes, measurements of 
ir~p — > 7r°7r°n on polarized target are necessary. We have shown in Sections V and VI 
how to perform model independent amplitude analysis of ix~p — > n n°n measured on po- 
larized targets. Model independent analysis is possible in the mass region where only S- 
and .D-wave amplitudes contribute, as well as in the mass region where also G-wave ampli- 
tudes contribute. Our only assumption was that amplitudes with dimeson helicity A > 2 do 
not significantly contribute to the 7r°7r° production. This assumption is supported by the 
available data. 

On this basis we propose that high statistics measurements of n~p — > 7r°7r°n and n~p — > 
rjrjn be made at BNL Multiparticle Spectrometer and at IHEP in Protvino and that model 
independent amplitude analysis of these reactions be performed. We note that this amplitude 
analysis will require the unpolarized moments t 1 ^ which should be determined from the data 
on unpolarized targets in the same t-bins. 

We suggest that the extensions of GAMS and BNL E852 program to measurements on 
polarized targets will significantly contribute to new developments of hadron spectroscopy 
on the level of spin dependent production amplitudes and to our understanding of hadron 
dynamics. 
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APPENDIX: CALCULATION OF PHASES 7d+5 AND 7 D+5 

In this appendix we solve Eqs. (2.16) for the helicity frame invariant phases Jd+s — 
4>d+ — <Ps an d 7d+5 — 0d+ ~~ 0s- Other phases in (2.16) are then expressed in terms of these 
phases and the phases (5.4): 

lD+D° = 4*D+ - <t>D° = {4>D+ - 4>s) + (05 - 0D") = 1D+S ~ lD°S ( A1 ) 
1D+D- = 4>D+ ~ <t>D~ = (0D+ - 4>s) + {<Ps - <t>D~) = 1D+S ~ lD~S 

with similar relations for ^ D + D o and ^d+d-- The system of equations (2.16) can then be 
written as 



bi — — 1=^2 = \D + \\D~\ C0S7.D+B- — \D \\D \ cos^ D+D - (A2) 



2V30 



7V47T 4 , n +|| n oi it>+iit>°i - 

o 2 = — 7=^1 = W \W I cos7/)+£)0 — \D \\D | cos7 D+D o 



4V15 



h = -0^ r i ~ \/f 6 2 = \D + \\S\ cos7 D+5 - \D + \\S\ cos7 D+5 



/From 6 3 we obtain 



\ D+ \\S\ COS7 D+5 - 63 
cos 7d+s = + (A3) 



Using (Al) we obtain from 62 
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siii7 D+ 5 = - cos 7d+s( cos 1d°sI ^7^5)+ ( A4 ) 

h ~ |-P + ||-P |(cos7 D +sCOS7j,og + sin7 jD +gsin7 J ,o s ) 
\JJ \\D I sin7 D o s 



We now define 



ci = \D°\\S\ sm lD o s = e^\D°\ 2 \S\ 2 -(A+ ^|S| 2 ) 2 (A5) 



c 2 = ID-US'! sin lD - s = e 2 J\D-\*\S\ 2 - B 2 



c 3 



|D-|| J D |sin 7D - D o = e 3 ^J\D-\ 2 \D°\ 2 -C 2 



where e& = ±l,k = 1, 2, 3 is the ambiguity sign of the sines. The c 3 and the sign e 3 are not 
independent of c\ and c 2 : 

\S\ 2 c 3 = (A + ^=\S\ 2 )c 2 -B Cl (A6) 

Similarly we define ci, c 2 and c 3 for amplitudes of opposite transversity. Substituting for 
cos7£,+ 5 and sin7 D+s from (A3) and (A4) in the equation for b\ and using the above 
definitions for Ck, Ck, k — 1,2, 3, we obtain 

(b 1 c 1 + b 2 c 2 + b 3 c 3 )\S\ 2 \S\ = (A7) 
sin7 D + 5 |D + ||S| 2 (ciC2 + cic 2 ) + 
+ cos 7 d +5 | j D + |{ci( j B|S| 2 -5|S| 2 ) + 



+c 2 [(A + ^\S\ 2 )\S\ 2 + (A+ ^isnsm 



Define 



c x c 2 + c x c 2 v \D+Y y ' 
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tana = {Z!i(fl|S| 2 - B\S\ 2 ) + c 2 [(A + -I=|S| 2 )|S| 2 + 

+ (^+^ H l^| 2 )l^| 2 ]}/( C i5 2 + c 1 c 2 )|5| 2 
With this notation (A6) takes the form 

sin 7d+s + cos 1d+s tana = d (A9) 

Its solution is 

cos7 D +5 = — t, — {d tan a± Jl + tan 2 a — d 2 } (A10) 

1 + tarn a 



sin7 D +5 = k — {d =F tan aJl + tan 2 a — d 2 } 

1 + tarn ct 

Using (A10) we obtain cos7 D+5 and sin7 D+5 from (A3) and (A4). 

There are four combinations of solutions for moduli \A\ 2 , \A\ 2 , A = S, D°, D~, D + en- 
tering the calculation of d and tan a. In addition each such combination is accompanied by 
the fourfold sign ambiguity from the undetermined signs 6k and Ik, k = 1,2. This 16-fold 
ambiguity increases to 32-fold ambiguity due to sign ambiguity in (A10). 

The solvability of (A9) imposes a nonlinear constraint on data and on the solution for 
moduli squared 

d 2 -l<tan 2 a (All) 

Additional constraints follow from the requirement that cosines and sines of Jd+s and ^ D + s 
have physical values. In principle, these constraints could reduce the overall ambiguity of 
solution (A10). 



35 



REFERENCES 

[1] O. Chamberlain et al., Phys. Rev. 105, 288 (1957). 
[2] G. Fidecaro et al, Phys. Lett. 105B . 309 (1981). 
[3] R.V. Kline et al, Phys. Rev. D22, 553 (1980). 
[4] S. Heppelman et al, Phys. Rev. Lett. 55, 1824 (1985). 
[5] D.G. Crab et al, Phys. Rev. Lett. 60, 2351 (1988). 

[6] K. Heller, Proceedings of 9th International Symposium on High Energy Spin Physics, 
Borr 1990, vol. 1, p. 97. 

[7] A. Bravar et al., Fermilab-PUB-96-086E, Phys. Rev. Lett. (1996). 

[8] D.L. Adams et al., Phys. Rev. D53, 4747 (1996). 

[9] A. Yokosawa, Collider Spin Physics at RHIC and STAR, ANL-HEP-CP-96-22, Pre- 
sented at Adriatico Research Conference on Trends in Collider Spin Physics, Trieste, 
Italy, 5-8 Dec. 1995. 

[10] G. Lutz and K. Rybicki, Max Planck Institute, Internal Report No. MPI-PAE/Exp. 
El. 75 (1978), unpublished. 

[11] G. Grayer et al., Nucl. Phys. B75, 189 (1974). 

[12] J.G.H. de Groot, PhD Thesis, University of Amsterdam, 1978 (unpublished). 
[13] H. Becker et al., Nucl. Phys. B150, 301 (1979). 
[14] H. Becker et al., Nucl. Phys. B151, 46 (1979). 
[15] V. Chabaud et al., Nucl. Phys. B223 . 1 (1983). 

[16] I. Sakrejda, PhD Thesis, Institute of Nuclear Physics, Krakow, Raport No. 1262/PH, 
1984 (unpublished). 

36 



[it; 

[18 
[19 
[20 
[21 
[22 
[23 
[24 
[25 

[26; 
[27 

[28 

[29 

[3o; 

[31 



K. Rybicki, I. Sakrejda, Z. Phys. C28, 65 (1985). 
A. de Lesquen et al, Phys. Rev. D32, 21 (1985). 
A. de Lesquen et al, Phys. Rev. D39 . 21 (1989). 
M. Svec, A. de Lesquen, L. van Rossum, Phys. Rev. D42, 934 (1990). 
M. Svec, A. de Lesquen, L. van Rossum, Phys. Rev. D45, 55 (1992). 
M. Svec, A. de Lesquen, L. van Rossum, Phys. Rev. D45, 1518 (1992). 
M. Svec, A. de Lesquen, L. van Rossum, Phys. Rev. D46, 949 (1992). 
M. Svec, Phys. Rev. D53, 2343 (1996). 

M. Svec, Mass and width of <r(750) scalar meson from measurements of ttN — > tt^ti + N 
on polarized targets, McGill University, 1996, [hep-ph/9607297 . 



D. Aide et al., Z. Phys. C66, 375 (1995). 

A. A. Kondashov, Yu. D. Prokoshkin, S.A. Sadovsky, Preprint IHEP 95-137, Protvino, 
1995. 

A. A. Kondashov, Yu. D. Prokoshkin, S.A. Sadovsky, in Proceedings of 28th Interna- 
tional Conference on High Energy Physics, Warsaw, 1996. 

B. B. Brabson et al., in Hadron 95, Manchester, 1995. Editors M.K. Birke, G. Lafferty, 
J. McGovern, World Scientific 1996, p. 494. 

G. Costa et al., Nucl. Phys. B175, 402 (1980). 

S.U. Chung, Amplitude analysis of two-pseudoscalar systems, Version VII, BNL Preprint 
BNL-QGS-95-41, BNL 1996. 



[32] S.U. Chung, Amplitude analysis of system with two identical spinless particles, BNL 
Preprint BNL-QGS-96-32, BNL 1996. 



37 



[33] A. A. Kondashov, private communication. 
[34] J. Gunter, private communication. 

[35] H. Pilkuhn, The Interactions of Hadrons, North-Holland Publishing Company, 1967. 
[36] E. Bycling and K. Kajantie, Particle Kinenatics, Wiley, 1973. 

[37] S. Humble, Introduction to Particle Production in Hadron Physics, Academic Press, 
1974. 

[38] C. Bourrely, E. Leader, J Soffer, Phys. Rep. 59, 95 (1980). 

[39] W.T. Eadie et aJ., Statistical Methods in Experimental Physics, North-Holland, Ams- 
terdam, 1971. 

[40] A. Kotanski, Acta Phys. Pol. 29, 699 (1966); 30, 629 (1966); Bl, 45 (1970). 

[41] J.J. Bronshtein and K.A. Semendyayev, Handbook of Mathematics (Gosudarstvennoe 
Izdatelstvo Tekhniko-Teoreticheskoi Literatury, Moscow, 1954), p. 185. 

[42] Reference 39, p. 159. 

[43] Ph. E. Gill, W. Murray and W.H. Wright, Practial Optimization (Academic, New York, 
1981). 

[44] S.S. Rao, Optimization and Application (Wiley, New York, 1984), p. 723. 

[45] B.A. Murtagh and M.A. Saunders, MINOS 5.0 Users Guide, Systems Optimization 
Laboratory Report No. SOL 83-20, Stanford University, 1983 (unpublished). 



38 



FIGURES 

FIG. 1. Polarized target asymmetry in reactions ir~p — ► 7r~7r + n and 7r + n — > 7r + 7r~p. The 
assumption that the pion production amplitudes do not depend on nucleon spin predicts that 
polarized target asymmetry be zero. 

FIG. 2. The ratio of amplitudes with recoil nucleon transversity "down" and "up" with dimeson 
helicity A = in ir~p -> vr-yr+n at 17.2 GeV/c and -t = 0.005 - 0.2 (GeV/c) 2 . The assumption 
that the pion production amplitudes do not depend on nucleon spin predicts that all ratios be 
equal to 1. The deviation from unity shows the strength of dependence of production amplitudes 
on nucleon spin. Based on Fig. 6 of Ref. 14. 

FIG. 3. Mass dependence of unnormalized amplitudes |5| 2 S and |5| 2 S measured in 
7r~p T -> TT-iT+n at 17.2 GeV/c at -t = 0.005 - 0.20 (GeV/c) 2 using the Monte Carlo method 
for amplitude analysis (Ref. 24). Both solutions for the transversity "up" amplitude \S\ 2 H res- 
onate while the transversity "down" amplitude \S\ 2 H is nonresonating in both solutions. 

FIG. 4. Four solutions for the 5"-wave intensity Is measured in the reaction 7r _ p| — > 7r~7r+n 
at 17.2 GeV/c and —t = 0.005 — 0.20 GeV/c using Monte Carlo method for amplitude analysis 
(Ref. 24). Although both solutions for amplitude |S| 2 S resonate, the intensity lg(2, 2) appears 
nonresonating. 

FIG. 5. Definition of the coordinate systems used to describe the target polarization P and the 
decay of the dimeson 7r°7r° system. 
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